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Abstract
I discuss a low-energy effective field theory which permits the full treatment of isospin-
breaking effects in semileptonic weak interactions. In addition to the pseudoscalars and
the photon, also the light leptons have to be included as dynamical degrees of freedom
in an appropriate chiral Lagrangian. I describe the construction of the local action at
next-to-leading order.
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1. In this talk, I would like to report about the status [1] of a research project on
isospin-violating effects in the semileptonic decays of pions and kaons which is presently
carried out by Marc Knecht, Heinz Rupertsberger, Pere Talavera and myself.
While isospin-breaking generated by a non-vanishing quark mass difference md−mu is
fully contained in the pure QCD sector of the effective chiral Lagrangian [2], the analysis
of isospin-violation of electromagnetic origin requires an extension of the usual low-energy
effective theory. For purely pseudoscalar processes, the suitable theoretical framework for
the three-flavour case has been worked out in [3, 4, 5] by including virtual photons and
the appropriate local terms up to O(e2p2).
The treatment of electromagnetic corrections in semileptonic decays demands still a
further extension of chiral perturbation theory. In this case, also the light leptons have
to be included as explicit dynamical degrees of freedom. Only within such a framework,
one will have full control over all possible isospin breaking effects in the analysis of new
high statistics Kℓ4 experiments by the E865 and KLOE collaborations at BNL [6] and
DAΦNE [7], respectively. The same refined methods are, of course, also necessary for the
interpretation of forthcoming high precision experiments on other semileptonic decays
like Kℓ3, etc.
2. To lowest order in the chiral expansion, the effective Lagrangian without dynamical
photons and leptons (pure QCD) is nothing else than the non-linear sigma model in the
presence of external vector, axial-vector, scalar and pseudoscalar sources vµ, aµ, χ = s+ip.
Following the notation of [8], it takes the form
Leff = F
2
4
〈uµuµ + χ+〉, (1)
where
uµ = i[u
†(∂µ − irµ)u− u(∂µ − ilµ)u†],
lµ = vµ − aµ,
rµ = vµ + aµ,
χ+ = u
†χu† + uχ†u. (2)
Even this Lagrangian allows the treatment of electromagnetic or semileptonic processes
as long as the photon or the leptons are occurring only as external fields. One simply
takes external sources with the quantum numbers of the photon or the W±.
For the description of dynamical photons and leptons, the extension of the lowest
order Lagrangian (1) is rather easy. First of all, the photon field Aµ and the light leptons
ℓ, νℓ (ℓ = e, µ) are introduced in uµ by adding appropriate terms to the external vector
and axial-vector sources:
lµ = vµ − aµ − eQemL Aµ +
∑
ℓ
(ℓ¯γµνℓLQ
w
L + νℓLγµℓQ
w†
L ),
rµ = vµ + aµ − eQemR Aµ. (3)
2
The 3×3 matrices QemL,R, QwL are additional spurion fields. At the end, one identifies QemL,R
with the quark charge matrix
Qem =

 2/3 0 00 −1/3 0
0 0 −1/3

 , (4)
whereas the weak spurion is taken at
QwL = −2
√
2 GF

 0 Vud Vus0 0 0
0 0 0

 , (5)
where GF is the Fermi coupling constant and Vud, Vus are Kobayashi–Maskawa matrix
elements.
Then we have to introduce kinetic terms for the photon and the leptons and also an
electromagnetic term of O(e2p0). With these building blocks, our lowest order effective
Lagrangian takes the form
Leff = F
2
4
〈uµuµ + χ+〉+ e2F 4Z〈QemL QemR 〉
− 1
4
FµνF
µν +
∑
ℓ
[ℓ¯(i 6∂ + e 6A−mℓ)ℓ+ νℓL i 6∂νℓL], (6)
where
Qem,wL := uQem,wL u†, QemR := u†QemR u. (7)
Finally, we have to define an extended chiral expansion scheme. The electric charge
e, the lepton masses me, mµ and fermion bilinears are considered (formally) as quantities
of order p in the chiral counting, where p is a typical meson momentum. Note, however,
that terms of O(e4) will be neglected throughout.
3. As we are dealing with a so-called non-renormalizable theory, new local terms are
arising at the next-to-leading-order. The associated coupling constants absorb the diver-
gences of the one-loop graphs. Their finite parts are in principle certain functions of the
parameters of the standard model. Because of our limited ability in solving the standard
model (confinement problem), these low-energy constants have to be regarded as free
parameters of our effective theory for the time being.
The list of local counterterms of our extended theory comprises, of course, the well-
known Gasser–Leutwyler Lagrangian of O(p4) [2] and the Urech Lagrangian of O(e2p2)
[3] with the generalized lµ and rµ defined in Eq. (3). In the presence of virtual leptons,
we have to introduce an additional “leptonic” Lagrangian [1]
Llept = e2
∑
ℓ
{
F 2
[
X1ℓγµνℓL〈uµ{QemR ,QwL}〉
+X2ℓγµνℓL〈uµ[QemR ,QwL]〉
3
+X3mℓℓνℓL〈QwLQemR 〉
+iX4ℓγµνℓL〈QwL∇̂µQemL 〉
+iX5ℓγµνℓL〈QwL∇̂µQemR 〉+ h.c.
]
+X6ℓ¯(i 6∂ + e 6A)ℓ
+X7mℓℓℓ
}
. (8)
where
∇̂µQemL = ∇µQemL +
i
2
[uµ,QemL ] = u(DµQemL )u†,
∇̂µQemR = ∇µQemR −
i
2
[uµ,QemR ] = u†(DµQemR )u, (9)
with
DµQ
em
L = ∂µQ
em
L − i[lµ, QemL ],
DµQ
em
R = ∂µQ
em
R − i[rµ, QemR ]. (10)
In Llept we consider only terms quadratic in the lepton fields and at most linear inGF . The
terms with X4,5 will not appear in realistic physical processes as the generated amplitudes
contain an external (axial-) vector source (see Eqs. (9) and (10)).
In deriving a minimal set of terms in Eq. (8), we have used partial integration, the
equations of motion derived from the tree-level Lagrangian (6) and the relations
QemL QwL =
2
3
QwL , QwLQemL = −
1
3
QwL, 〈QwL〉 = 0. (11)
Finally, also a photon Lagrangian
Lγ = e2X8FµνF µν , Fµν = ∂µAν − ∂νAµ, (12)
has to be added. This term cancels the divergences of the photon two-point function
generated by the lepton loops.
The “new” low–energy couplings Xi arising here are divergent (except X1). In the
dimensional regularization scheme, they absorb the divergences of the one–loop graphs
with internal lepton lines via the renormalization
Xi = X
r
i (µ) + ΞiΛ(µ), i = 1, . . . , 8,
Λ(µ) =
µd−4
(4π)2
{
1
d− 4 −
1
2
[ln(4π) + Γ′(1) + 1]
}
. (13)
The coefficients Ξ1, . . .Ξ7 can be determined [1] by using super-heat-kernel methods
[9, 10]:
Ξ1 = 0, Ξ2 = −3
4
, Ξ3 = −3, Ξ4 = −3
2
,
Ξ5 =
3
2
, Ξ6 = −5, Ξ7 = −1, Ξ8 = −4
3
. (14)
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4. We have developed the appropriate low-energy effective theory for a complete treat-
ment of isospin violating effects in semileptonic weak processes. The electromagnetic
interaction requires the inclusion of the photon field and the light leptons as explicit dy-
namical degrees of freedom in the chiral Lagrangian. At next-to-leading order, the list of
local terms given by Gasser and Leutwyler [2] for the QCD part and by Urech [3] for the
electromagnetic interaction of the pseudoscalars has to be enlarged. This is, of course,
a consequence of the presence of virtual leptons in our extended theory. Regarding pure
lepton or photon bilinears as “trivial”, five additional “non-trivial” terms of this type are
arising. But two of them will not appear in realistic physical processes. One may therefore
conclude that the main bulk of electromagnetic low-energy constants is already contained
in Urech’s Lagrangian and the inclusion of virtual leptons in chiral perturbation theory
does not substantially aggravate the problem of unknown parameters.
As an illustration of the use of our effective theory, we have calculated [1] the decay
rates of π → ℓνℓ and K → ℓνℓ including the electromagnetic contributions of O(e2p2).
An investigation of the Kℓ3 decays is presently in progress.
The continuation of our work will follow two principal lines. Firstly, we are now
in the position to calculate the electromagnetic contributions to Kℓ3 and Kℓ4 decays
where all constraints imposed by chiral symmetry are taken into account. In spite of
our large ignorance of the actual values of the electromagnetic low-energy couplings, it
will often be possible to relate the electromagnetic contributions to different processes.
For specific combinations of observables one might even find parameter-free predictions.
Simple examples of this kind have been given for the Pℓ2 decays [1]. In some fortunate
cases simple order-of-magnitude estimates for the electromagnetic couplings based on
chiral dimensional analysis may even be sufficient.
Secondly, a further major task for the next future is, of course, the determination
of the physical values of the electromagnetic low-energy coupling constants in the stan-
dard model. In contrast to the QCD low-energy couplings Lr1, · · ·Lr10 which are rather
well determined from experimental input and large Nc arguments within the standard
framework of chiral perturbation theory [2], only very little is known so far in the elec-
tromagnetic sector. First attempts to estimate some of the Urech constants Ki can be
found in [11, 12, 13]. As far as the constants Xi are concerned, the recent analysis [14]
of the counterterms contributing to the decay processes of light neutral pseudoscalars
into charged lepton pairs raises hopes that reliable estimates for these constants can be
achieved within a large-Nc approach.
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